The paper begins with a novel variational formulation of Duffing equation using the extended framework of Hamilton's principle (EHP). This formulation properly accounts for initial conditions, and it recovers all the governing differential equations as its Euler-Lagrange equation. Thus, it provides elegant structure for the development of versatile temporal finite element methods. Herein, the simplest temporal finite element method is presented by adopting linear temporal shape functions. Numerical examples are included to verify and investigate performance of non-iterative algorithm in the developed method.
Introduction
Nonlinear oscillators have been a great interest and the Duffing oscillator is a wellknown example [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . In particular, the forced-damped Duffing oscillator is a seminal system for the study of chaos in nonlinear dynamics. Analytical methods including the traditional perturbation method, the homotopy perturbation method, the variational iteration method, the parameter-expansion method, and the He's frequency-amplitude formulation summarized in [16] are not applicable and only a few methods such as the Laplace decomposition [17] and the homotopy perturbation transform [18] are recently introduced to analytically solve this forced-damped Duffing oscillator.
For variational approach to nonlinear oscillations, some attempts have been made [19] [20] [21] [22] [23] [24] [25] [26] [27] . Ultimately, they applied the Hamilton's principle [28, 29] to nonlinear oscillator systems and presented either analytical solutions or numerical methods. For example, He [22] provided the energy balanced method. This method combines the Hamilton's principle and the semi-inverse method [30] to get analytical solutions of free vibration of nonlinear oscillator systems including higher-order Duffing oscillator. D'Acunto [24, 25] and Zhang [26] further developed this approach and established the He's variational method. Also, there were some numerical methods of Duffing equation stemming from variational integrators ( [31, 32] -variational integrators are numerical integrators obtained from discretizing the Hamilton's principle). For example, Leok and Shingel [32] introduced the 2 nd -order variational integrator for the unforced-undamped Duffing oscillator by adopting Hermite interpolation polynomials and the Euler-Maclaurin quadrature formula. Every effort seemed effective to account for nonlinear oscillation in their interests. However, it should be noted that the Hamilton's principle has critical weakness called end-points constraint (thorough review on this subject is available in the chapter 5 of [33] ), which means that initial conditions cannot be properly considered in the Hamilton's principle. Rather, the Hamilton's principle utilizes temporal boundary conditions: it assumes that positions of a system at start and end of the time-interval are known. In fact, for initial value problems, both position and velocity of a system are known at the beginning and it is a main subject to find out how the system evolves from its beginning to the end of the time-interval. Thus, serious theoretical inconsistency exists in the original framework of Hamilton's principle.
To resolve end-points constraint in the Hamilton's principle, the extended framework of Hamilton's principle (EHP) was recently established for linear elastic and viscoplastic systems [34] [35] [36] [37] and this has been applied to heat diffusion [38] and thermoelasticity [39] . Key ideas of the EHP are identified as use of mixed Lagrangian formulation [40] [41] [42] [43] [44] [45] and new definition of the functional action. The EHP is simple and has extensive applicability as the original Hamilton's principle has been served broadly throughout mathematical physics and engineering. The current work focuses on its application to the forced-damped Duffing equation. 
Variational formulation of Duffing equation
In this section, a new variational formulation of the forced Duffing oscillator stemming from the extended framework of Hamilton's principle (EHP) is presented. In this approach, the Duffing oscillator is regarded as combination of linear and nonlinear contribution of elasticity as described in Fig. 1 .
Fig. 1. The Duffing oscillator in the EHP
With mass m , linear elastic stiffness k , applied force f , and effect of cubic nonlinearity, the forced-undamped Duffing equation is given by
along with the initial conditions
represents a displacement at time t and a superposed dot is a derivative with respect to time.
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For this system, the EHP defines the Lagrangian L in mixed variables as 
For the time interval
Then, the EHP newly defines the first variation of the above action integral as 
Next, to remove all the time derivatives on variations, temporal integration by parts is performed on mu u 
Now, let us first assign the specified initial velocity 0
and sequentially assign the specified initial displacement 0
The subsequent zero-valued term in Eq. (14) is not necessarily appeared on the newly defined action variation in Eq. (7). However, this supplementary conceptual condition is necessary for proper use of initial conditions in the EHP (the interested reader is referred to [34, 36] ).
Fig. 2. The forced-damped Duffing oscillator
In the EHP, dissipation can be considered with the Rayleigh's formalism [46] . For the forced-damped Duffing oscillator as indicated in Fig. 2 , the Rayleigh's dissipation
and the subsequent variation of this Rayleigh's dissipation is defined as 0 ;) (
Thus, for this system, the action variation in the EHP is obtained by adding the following term to Eq.(7).
Then, the resulting dynamic equilibrium equation becomes
with leaving others to be the same as Eq. (10)- (14) . Notice that with Eq.(4), the Eq. (18) can be equivalently written as
that can be found in the displacement-based approach.
Temporal finite element method
The EHP is not a complete variational principle, since it requires the Rayleigh's formalism for dissipative process and the new action variation is not entirely satisfactory in variational sense. Even with such weakness, the EHP has simple structure and broad applicability as the original Hamilton's principle. Also, with proper use of initial conditions, it provides sound base for the development of novel computational methods involving finite element method over time.
In this section, we present probably the simplest temporal finite element method for the forced-damped Duffing oscillator. For this development, the following weak form is utilized.
Here, we consider a small time-duration from 0 to t  and separately introduce the linear momentum   
Subsequently, u , u  , J , and J  can be approximated with first derivatives of above shape functions as
With Eqs. (21)- (24), for a representative case, let us discretize the first term in Eq. (20) 
Here, first, we introduce discretized representations for u and 
with Q representing a cubic function of 0 u and 
While deriving Eq. (26), the external forcing f is assumed to be constant over the time- 
With use of MAPLE13 [47] , above equations can be solved as
Eq.(32) represents that t u  is a solution of the following cubic equation For 0, must be greater than 0 ( 0).
Here  is the discriminant of a cubic equation given by 23 4 27 
In Eqs. (40)- (42) In summary, the present temporal finite element method proceeds as follows.
Step 1. Identify system parameters and initial conditions ( m ; a ;  ; c ;ˆt
Step 2. Identify temporal parameters (time-step t  and total analysis time t )
Step 3. Solve t u  with Eq. (32), Eqs. (36)- (39), and the statement (44).
Step 4. Solve Step 5. Store
Step 6. Update
p in the next step).
Step 7. Repeat Step3~Step 6 until the total analysis time t .
We would like to clarify two points in the above step-by-step algorithm.
First, the initial value 0 J in the step 1 is taken as zero. Let us consider the following equation.
In Eq. (45) 
On the left-hand side of Eq. (46), the first two terms are evaluated with given initial conditions, while the last three terms cannot be decided. Therefore, 0 J can be any value.
In fact, physically meaningful variable is J (not J ) as shown in Eqs. (8)- (11) We would like to conclude this section with pointing out that unlike other numerical methods [48, 49] , the present method is non-iterative to analyze the forced-damped Duffing equation.
Computational examples
The present numerical method is verified for three types of the forced-damped Duffing equation ( (19))" or the "Ueda oscillator" is not tested here because theoretically this cannot be accommodated within the current approach due to the existence of linear elastic spring force [see Fig. 1 and Eq. (18)].
For each type, we provide relevant examples found in [50] [51] [52] . Numerical simulation results obtained from the present non-iterative method are compared to those obtained from the Runge-Kutta-Fehlberg method (RKF45) using MAPLE13 [47] . Default values associated with iterations and convergence criteria are adopted for RKF45. For example, the default values for abserr (absolute error tolerance) and relerr (relative error tolerance) are given by 1e-7 and 1e-6, respectively.
In simulation tests, the time-step 0.01 t  is taken as a default value for the present method. However, we find that 0.01 t  is not sufficiently small for two examples in Type III (T3E5 and T3E6) to catch proper responses. Thus, for those examples, 0.001 t  is adopted. After method-comparison study, further, we investigate convergence characteristics of the present method with additional simulation for the representative example in each type.
Type I (hard spring Duffing oscillator)
For the Type I simulation, we take four examples found in [52] , where system parameters in Eq. (18) here, initial conditions are control parameters and these are summarized in Table 1. 17 
Type II (soft spring Duffing oscillator)
Four examples excerpted from [51] control parameters such as c and initial conditions are specified in Table 2 . 
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All the results are presented in Fig. 7-Fig. 10 , where differences between RKF45 and the present method can hardly be detected. , and this is specified in Table 3 . 
Convergence characteristics in numerical methods
Previously, for three types of the Duffing oscillation with relevant examples, we showed that the present non-iterative method using small time-steps ( 0 
